DIFFERENTIAL INVARIANTS OF 2-ORDER ODES, I

VALERIY A. YUMAGUZHIN

ABSTRACT. In this paper, we investigate the action of pseudogroup of
all point transformations on the natural bundle of equations

' =a’(@,y)y'* +a(z,y)y * +al (z,9)y +a"(z,y).
We construct differential invariants of this action and solve the equiva-
lence problem for some classes of these equations in particular for generic
equations.

1. INTRODUCTION

This paper is devoted to differential invariants and the equivalence prob-
lem of ordinary differential equations of the form

y' = d’(2,y)y * + a*(2, )y ? + ' (z,9)y + a°(2,y) . (1)

There are different approaches to construct differential invariants of these
equations, see R. Liouville [19], S. Lie [17, 18], A. Tresse [23], E. Cartan [6],
G. Thomsen [22], and R.B. Gardner [7].

In [26], we presented an approach to this problem differing from above
mentioned ones. In this paper, we state in detail this approach, construct
tensor and scalar differential invariants in this way, and solve the equivalence
problem for some classes of equations (1), in particular, for generic equations.

Briefly, our approach is as follows. Every equation € of form (1) can be
considered as a geometric structure. To this end, we identify the equation
€ with the section

Se : (x,y) = (2,y, a°(2,y), a'(z,y), a’(z,y), a’*(z,y))
of the product bundle 7 : R? x R* — R2. Thus the set of all equations (1)
is identified with the set of all sections of 7. It is well known, see [2], that
every point transformation of variables x and y transforms every equation
(1) to equation of the same form!. It follows that every point transformation
f of the base of m generates the transformation of sections of . This means
that f can be lifted in the natural way to the diffeomorphism f©) of the
total space of m. Thus the bundle 7 of equations (1) is a natural bundle.
Therefore equation (1) considered as a section of 7, is a geometric structure,
see [1]. By m : J¥© — R? denote the bundle of k-jets of sections of T,
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lond-order ODEs admit contact transformations. It is known, see [5], that every
two 2nd—order ODEs are locally contact equivalent. By this reason, we investigate the
equivalence problem of equations (1) w.r.t. point transformations.
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k =1,2,.... Every lifted diffeomorphism f(© is lifted in the natural way
to the diffeomorphism f*) of J*z. The lifting of point transformations
generates the natural lifting of every vector field X in the base of 7 to the
vector field X in J*7. Suppose a lifted vector field X *) passes through a
point 6, € J¥7r. Then the value Xe(::) of this field at 6, is defined by the k+2—
jet j;f”X of the field X at the point p = m(6;). Let 0x1 € J*T17. Then
there exists a section S of 7 such that 01 = j}],fHS, where p = w41 (0k11).
The section S generates the section j;pS of the bundle 7 by the formula
JrS i p— j}],fS. It is clear that 6,1 is identified with the tangent space to
the image of j S at the point 6, = j{;’S. We denote this tangent space by
Koy, Now we can introduce the following vector space of k + 2-jets at p
of vector fields in the base passing through p:

. k
A0k+1 = {]]]:"'QX | Xé(k) € ﬂ<9k+1 }

The spaces Ay, , ,, k =0,1,2,..., possess nontrivial properties. These prop-
erties allow us to construct in the natural way some geometric objects wy, ,
on the tangent space to the base at the point p = m1(0x11). As a result,
we obtain fields of these objects on J¥*1x

Opt1 — W1 -

These fields are differential invariants of the considered equations w.r.t.
point transformations.

The pseudogroup of all point transformations of the base acts by the lifted
diffeomorpisms on every J*7. As a result, every J¥7 is divided into orbits
of this action. The bundles J°r and J'm are orbits of this action. The
bundle J?7 is the union of two orbits: Orb and Orb3. First one is an orbit
of codimension 0, the second one has codimension 2 and consists of 2—jets
of sections Sg such that the equation € can be reduced to the linear form
by a point transformation, see [11, 26]. The bundle .J37 is the union of four
orbits: an orbit OrbJ of codimension 0, an orbit Orb} of codimension 1,
an orbit OrbZ of codimension 2, and the orbit of codimension 6 that is the
inverse image of Orbg over the natural projection J37 — J27.

In this paper, we construct differential invariants and solve the equivalence
problem for equations & satisfying the condition j3Se C Orbg.

All manifolds and maps are smooth in this work. By j{; f denote the k—jet
of the map f at the point p, £ = 0,1,2,...,00, by R denote the field of
real numbers, and by R™ denote the n—dimensional arithmetic space. We
assume summation over repeated indexes in all formulas.

2. THE BUNDLE OF EQUATIONS

2.1. Liftings of point transformations. Consider the product bundle
7:RZxRY—R?2, 7 (ah 2%l ut) - (2t 2?),
where x!, 22 are the standard coordinates on the base of 7 and u!, u?, u3,
u?* are the standard coordinates on the fiber of 7.
Let € be an arbitrary equation (1). We identify €& with the section S¢ of

7 defined by the formula
Se(p) = (p, a’(p), a'(p), a*(p), a*(p)),
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where p = (x!,2%). Clearly, this identification is a bijection between the set
of all equations (1) and the set of all sections of 7.

Recall that a point transformation of R? is a diffeomorphism of some open
subset of R? to R2.

Every point transformation f of R? generates the transformation of € to
the equation € of the same form, see [2],

7' =a (@, g)y ¢+ a5, 97 2 + ' (@.9)7 +a(@,9) .

The coefficients of & are expressed in terms of the coefficients of € and the
2-jets of the inverse transformation f~!:

a'(p) = ' (a* (D)), (FH D), G5 7), i=0,1,2,3. (2)
It follows that the equations
p=1fp), = (u',. .. ,u' i, f"), i=1,234

define the diffeomorphism f(©) of the total space of 7. It is easy to see that if
U is domain of f, then f(©) is defined on 7~ (U’), where U’ is the everywhere
dense open subset of U. This diffeomorphism f(©) is called the lifting of f
to the bundle w. Obviously, the diagram

F
F —— F
R— R
f

is commutative (in the domain 71 (U”) of f(©)).

Now equations (2) is represented in the terms of the transformation of
the corresponding sections in the following way

Sz = fO06SeofL.

By j}’,fS denote the the k—jet at p of the section S of m, kK =0,1,2,..., 0.

By
s Jfr — R, g :j;fSHp,

denote the bundle of all k—jets of sections of 7. By !, 22 vl i=1,...,4,
0 < |o| < k, we denote the standard coordinates on .J k7, here o is the multi-
index {j1...7}, lo| =7, j1,...,74r = 1,2. By 0j we denote the multi-index
{j1...Jjrj}. The natural projection

TFk,r:Jle'—>JT7T, oo >k>r,

is defined by 7n(j{;S) = jp,S. By J;fw denote the fiber of the bundle

over the point p, that is J;fw = 7rk_1(p). Every section S of m generates the
section jiS of the bundle 7, by the formula

S p = 8.

Every point transformation f of the base of « is lifted to the diffeomor-
phism f*) of J¥7 by the formula

F®GES) = 35 (F P oS0 f71). (3)
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This diffeomorphism f*) is called the lifting of f to the bundle mj, Obviously,
for any co > I > m, the diagram

)
Jhr f—> Jhr

T, ml J/ﬂ'l, m

J"r —— JM7n

Fm

is commutative. Suppose f and g are point transformations of the base of
m, then obviously,

(fog)(k):f(k)og(k)’ k:O?]‘?"'

By I' we denote the pseudogroup of all point transformations of the base of
7. The pseudogroup I acts on every J*r by the lifted transformations.

2.2. Liftings of vector fields. Let X be a vector field in the base of w and

let f; be its flow. Then the flow ft(k) in J*7 defines the vector field X *) in
Jkm, which is called the lifting of X to J*r.
It follows from the definition:

(1, ) (XD) =X 00 >1>m> -1,
where m; _; = m and XD = X, and

(fON)u(X®) = (X)W, k=0,1,...,
where f is an arbitrary point transformation of the base of .

Proposition 2.1. The map X — X is a Lie algebra homomorphism of
the algebra of all vector fields in the base of m to the algebra of all vector
fields in J*r.

Proof. See subsection 9.1 of Appendix. O

Recall the formulas describing lifted vector fields in the terms of the stan-
dard coordinates of J¥7, see [14], [15]. Let S be a section of m defined in
the domain of X, p be a point of this domain, and 6; = j;S. Then the
vector-function ¢ x defined by the formula

Ux (61)
L) = L0 se 5| )
P (61) -

T dt t=0
is the deformation velocity of the section S at the point p under the action
of the flow of X. Suppose

0 0 o
_ yl1 2 _ i,
X=X 5 +X 52 and 01 = (p,u’,uj).

Yx () =
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Then
—ule u%X2
—2u1X1 + u1X22 - u2X12
+X121
—3u1X1 — u2X11 —2udX?
_X111 +2X7,

0,) = 4
wX( 1) —ule—uXQ ’ ()

—2u X3 —ud X3 - 3utX?
—2X112 + X222
—u3X1 + u4X1 — 2u4X22
—Xl

22

- oxX? 02Xt

/L. = —F i = (OO) i
where X 5 (p) and X7 Sd Bl (p). The vector field X is
described by the formula

X©) = XDy + XDy + 9y,

where

0 A= O
_?—i_zzufmauév ]:1727 (5)
lo|=0 i=1
is the operator of total derivative w.r.t. 7 and
ZZD ¢X D, =Dj o...0Dj,. (6)
lo|=0 i=1
The vector field X*) is described by the formula,
X®) = (1 1)«(X)) = X'D} + X2D§ + 9% (7)
where

ZZWW, =12, ®)

|<f| 0 =1
-y 3ol %) gt
lo|=0 i=1

The following important statement is obvious.

Proposition 2.2. Let 0, € J*m, p = m(6), and X&) be a lifted vector field
passing through 0. Then the value X (k) of X®) at the point 0}, is defined
by the (2 + k)—jet j§+kX of the vector ﬁeld X at the point p.
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3. ISOTROPY ALGEBRAS AND ORBITS

3.1. Jets of vector fields. In this subsection, we recall necessary notions
concerning jets of vector fields, prolongations of subspaces, and Spencer’s
complexes , see [4], and [9].

By W,, we denote the Lie algebra of co-jets at p € R? of all vector fields
defined in R? in neighborhoods of p. Recall that the structure of Lie algebra
on W), is defined by the following formulas

NPX = GROX) . GRX HIRY = jR(X YY),
(33X, 50V | =j[X,Y] VAER, VXX, jXY e W,.
By L’; , k=-1,0,1,2,..., we denote the subalgebra of W), defined by
LE={j>*XeW,|jfx=0}, k>0, L' =W,.

Obviously, W,/ Ll; is the vector space of all k-jets at p of all vector fields
passing through p. In particular, W,/ Lg is the tangent space T}, to R? at p.
We have the natural filtration

Wp=L,' DL)DL,>...DLy DL o ... (9)
By pij, @ > j > 0, we denote the natural projection
pig i Wpl/Ly = Wy/Lh,  pij:jpX = )X
It is easy to prove that
(L, L)] = Ly, i,j=-1,0,1,2,....

It follows that the bracket operation on W), generates the Lie algebra struc-
ture on the vector space Lg / L’;

[+, -] LY/LE x L)/ — LO/LY (10)

and generates the following maps:
['a']ZWp/LI;XWp/LI;H p/ngilv (11)
[+, -] :Tp x LE/Li+t — LE=1/Lk . (12)

The last map generates the isomorphism
LE/ I = T, @ SH(Ty) . (13)
Let g* be a subspace of L’;_l/L’;. The subspace (g*)(1) ¢ L]];/L]];Jrl is defined
by
(¢") = {X e LIS/LISH [[v, X] egr Vo €T, }
and is called the 1-st prolongation of gF. Assume that the sequence of

subspaces ¢', ¢%, ..., ¢', ... satisfies to the property [T}, gt c ¢’
Then for every ¢*, we have the Spencer’s complex
i Oi | — ;i i Oi—
0—g =5 g Ty —5 g2 e AT —20, (14)
where the operators O : 7" ® /\lT; — gl /\l+1T; are defined in the
following way: every element ¢ € ¢¥ ® /\ng can be considered as an exterior
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form on T, with values in g*, then

I+1

(8k,l(§) )(Uh s UlJrl) = Z(_l)i+l[vi ) f(?ﬁl, ey gy UlJrl)] . (15)

i=1

3.2. Isotropy algebras. Let ) € J*7 and p = 7(0)). By Gy, we denote
the isotropy group of 6y,

Go. = {1 fer, fO0r) =61 }.
By g6, we denote the Lie algebra of G, . It can be considered as a subalgebra
of LY/L2+F,
. k
go, = { 72X e LY/ L2 | x{ =0} (16)
The algebra g, is called the isotropy algebra of ). From this definition and
(7), we get

Proposition 3.1. Let jfﬁkX = (p,0, X]i-7 ¢ in the standard co-

]1-~-j2+k)

ordinates. Then j2T5X € gg, iff 0, X% ..., X5 i)

system of linear homogeneous algebraic equations

(Do(¥%))(0k) =0, i=1,2,3,4, 0<|o|<k.

s a solution of the

The natural filtration (9) generates the natural filtration of g,

_ 1 2 2+k
gekfggkggekD...Dgek y

where
gh, =00, N L' /L2 i=12.. 24k
This filtration generates the graduate space

Ggo, = 95, D 9o, © .- D gy,

where

g, =0 /85 i =12, k41, g5t =g5

3.2.1. Algebras gg,. Let 6y € J°7 and p = w(fy). The algebra gy, is a

subalgebra of Lg/LZQ). Suppose jf)X = (p,O,X]’:,X]’:m) € LS/LZQ, and 0y =

(p,ul,...,u*) in the standard coordinates. Then from Proposition 3.1, we
get that gy, is described by the system

—2u' X] X3 -’ XP 4+ X =0
—3utX) — X! —2u3X2 - X} +2X3, =0
— 20X — X3 - 3utXE - 2X, + X3, =0
—u3X3 +utX] - 20t X: - X2 =0.

(17)

From this system, we obtain the natural filtration of gy, and the correspond-
ing graduate space Ggg,:

80, 0 9% Gag, =Ly/L, ®g°, (18)
where g2 = ggo is independent of the point 8y and is defined by the system
X121 - 07 Xlll - 2)(122 - 07 2X%2 - X222 - 07 X212 =0. (19)
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From the last system, we get
dim g = 2, (20)
(9%) = {0} (21)

Taking into account isomorphism (13), we obtain that the tensors

0
—2— @ (dz' ©dz') + = ® (dz' ® da?
el 8$1®(a:®$)+6x2®(a:@x), o)
0 2 2 1 2

form the base of the vector space g2.

3.2.2. Algebras gg,. Let 01 € Jim, 0y = m1,0(61), and p = m(6;). The
algebra gp, is a subalgebra of Lg/ Lg. It follows from Proposition 3.1 that
gp, is described by the system of linear homogeneous algebraic equations

Py (60) =0, Di(9x)(61) =0, Dy()(61) =0,
i=1,2,34.

From this system, we obtain the natural filtration of gy, and the correspond-
ing graduate space Ggg,:

go, O gz, D {0}, Ggg =LY/LL @ g* @ {0},
Thus the projection

pszly, * 86 — 86 (23)
1

is an isomorphism.
3.2.3. Algebras gg,. Let 0 € J?m and p = ma(f2). The algebra gy, is a

0/74 4y _ j j 0/74
Subalgebr@ of Lp/Lp. Suppose j, X = (p,0,X},..., X} ) € L,/L, and
02 = (p,u',uj,uj ;,) in the standard coordinates. Applying computer al-
gebra, we reduce the system of equations describing the algebra gg,, see

Proposition 3.1, to a step-form. As a result, we obtain the natural filtration
of gg, and the corresponding graduate space Ggg,:

g6, 932 ) {0} 2 {0}7 G902 = 952 S2] 92 @ {O} D {0}7 (24)
where subalgebra g§2 - Lg / Lll) is defined by the system of equations
oF' X!+ F? . X? 4+ F' - X2=0

25
F?2. X +F' X5 +2F* X5 =0, (25)

and
+ 3utul — 3udud + 2uu3 — v — 3utud + 6ulul, (26)

F? = udy — 2uiy + 3uf;
— 3uluj + 3uuf — 2ulud + wPul + 3utu? — 6utud .
From (24) and (25), we get

Proposition 3.2. (1) dimgg, =4 iff (F'(62), F?(62)) # 0.
(2) dimgg, = 6 iff F*(02) = 0 and F%(63) = 0.
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The conditions F'! = 0 and F? = 0 can be considered as conditions for
the coefficients of equation (1). The following statement is well-known, see
[19], [23], [6], [22], [8], [11], and [26].

Proposition 3.3. The conditions F' = 0 and F? = 0 are necessary and
sufficient to exists a point transformation reducing equation (1) to the linear
form.

From this proposition, we get

Corollary 3.4. Let & be equation (1). Then it can be reduced to the linear
form by a point transformation iff the isotropy algebra of every 2—jet of the
section Se is 6—dimensional.

From (25) we get the system of equations defining the 1-st prolongation
(géz)(l) of the algebra g;Q

2FL XL +0- XL +0- XL+ F?2- X2 +F' - X3, 40-X2,=0,

0- X4y +2Ft XL +0- XL +0- X3+ F2. X2, +FL- X2, =0,

F2 XL+ F' X5 +0- X0 +0- X3 +2F?- X% 40 X2, =0,

0- X +F? X+ F'- XL +0- X3 +0- X3 4+2F%. X2, =0.
It is easy to prove now that

dim(gg,) V) = 2. (27)

3.2.4. Algebras go,. Let 03 € J3m, p = m3(03), and 03 = (p, u’, ué-, .. ’u§1j2j3)
in the standard coordinates. Applying computer algebra, we reduce the
system of equations describing the algebra gg,, see Proposition 3.1, to a
step-form. From the obtained system, we get

Proposition 3.5. dim gg, = 0 iff F3(03) # 0, where

F3 = F*(F'D,F? - F?D\F") — F{(F'DyF? — F2D,F") (28)
+ (F1)3u4 _ (F1)2F2u3 + FI(F2)2u2 _ (F2)3’LL1 )
The function 3 is a coefficient of some differential invariant of the action

I on J37. Bellow, we will construct this invariant. First, it was obtained in
a different way by R. Liouville in [19].

3.3. Orbits. In this section we describe some orbits of the actions of the
pseudogroup I" on the bundles J*7, k = 0,1,2, 3.

By Orb(6y) we denote the orbit of the action of I on J*7 passing through
0r € J*m. Tt is clear that I" acts transitively on the base of 7. Hence Orb(6y)
can be reconstructed by the intersection Orb(6y) N J;fw, where Jﬁﬂ is the
fiber of mj, over an arbitrary point p of the base. Let I', be the subgroup
of I' consisting of all transformations preserving p. The subgroup I', acts
on the fiber J;fﬂ and Orb(f) N ng is an orbit of this action. Taking into
account the previous descriptions of the algebras gg,, go,, 90,, and gg,, we
can prove now the following theorem

Theorem 3.6. (1) Jbr, k= 0,1, is an orbit of the action of T,
(2) J%7 is the union of two orbits of the action of T', Orby and Orb3.



10 V.A. YUMAGUZHIN

(a) Orbg is a generic orbit, which is described by the inequality
(F', F?) #0,
where F' and F? are defined by (26).
(b) Orb2 is a degenerate orbit of codimension 2, which is described
as a submanifold of J?m by the equations:
Fl=0, F?=0.

(3) J37 is a union of some orbits of the action of . One of these orbits
Orbg is a gemeric orbit, which is described by the inequality

F2#0,
where F3 is defined by (28).

4. SPACES Ag,,,

In this section, we introduce a vector space A, , which is a basic notion
of our approach to construct differential invariants.

Let 041 € J* 1, p = mp1(0rs1), and S be a section of 7 such that
j;fHS = 0;11. Then 60y, is identified with the tangent space to the image
of the section jiS at the point 6 = j{;S. We denote this tangent space by
XKo,.,- Obviously, in the standard coordinates,

ng«rl = <le’9k’ Dé‘gk >7

where D’f and Dlg are the operators of total derivatives w.r.t. a' and z?
respectively, see formula (8).
Now we can introduce the vector space Ay, _,,

(k
Agpry = { 72X € Wy /L2HF | X(P € Ko, ) (29)
From this definition and (7), we get
Proposition 4.1. Let 32+kX (p, X°, X;,.. X;l 32+k) in the standard
coordinates. Then j, 2k X Ao,y iff (X1, X;, .. X;l ot k) s a solution of

the system of lmear homogeneous algebraic equations
(Do(¥))(0rs1) =0, i=1,2,3,4, 0<|o| <k.
It follows from definition (16) of the isotropy algebra gy, that
96, C Ao, V01 €Tty (6k) VO € JF
From the definition of Ag,_,, we get that

Pk+2,k+1 <‘A9k+1) C ‘Aek .

Let f be a point transformation of the base of 7 and let p be a point of
the domain of f. The tangent map f. : T), — Ty(,) generates the map

G W Lyt — Wi LS G52 22X e G (£(X)) -

Proposition 4.2. Let 0,1 be a point of the domain of f**t1V. Then
jp+3f(‘A9k+1) = 'Af(k+l)(‘9k+1) :
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Proof. Let X be a vector field in the base of 7 and let ¢; be the flow of X.
Then the condition j¥*2X € Ay, ,, means that X(k) = d/dt (gpgk) O1))
Koy, 1t follows that

d
G080 I OO = 5 (A 00 o= 1K),

It is clear that fik) (Koyyr) = 9<f<k+1>(9k+1) for every point ;1 of the do-

main of f*1. Therefore f{*(X}") € Aswing,,,) Thus j&+2 f(jE+2X) €
.Af(k+1)( O

l1=o€

Opt1)"

Consider the restriction of the bilinear map [ -, -] : W,,/LET2xW,,/LE+2 —
W;[,/L]]j‘H defined by (11) to Ag, , x Ag,_,-

Proposition 4.3.
[A9k+1 > ‘A9k+1 ] C ‘Agk :

Proof. Suppose jg*kX, jg*kY € Ag,,,- Then
JERX, Y] = 2l XY
It is obvious that
PFRX Y] e Ag, iff [X, Y]V €%,

where 0 = 11 5 (0k+1) and 0,1 = 7h k—1(0)- Suppose

a+X2a Y = Yl8 YZi.

1
X=X Ozt 0x2’ 61’1 Ox2

Then
[X, Y]ék 1) (Took—1)+ ([ X, Y]éjj)) = (Toop—1)+ ([ X, V() ]y )
= (Woo,k_l)*([XrDr + Sw(x)7 YlDl + Y2D2 + STP(Y) ]900) ,

where 0o € (Took+1) *(p). Taking into account the well known relations,
see [14],

[D1, D2]=[Dj, 9¢] =0, j =12, [9g4, 4] =Dy},
where {¢, 9} = 94(1h) — Dy(9), we get
(X, V5D = (oo k1) (XY = YIXDD; + [Dy(x), Swm])

1 ‘ek—1
= (XY} —YIXHDi ' + 9

{w< ) )})‘ek—l ‘
From (4) and (6), we get

{W(X),p(¥V)} =" <X>8§Zf e <X>>8gfz :
2O ) 2010,

J
From Proposition 4.1, we have

(Do (%)) (Ok41) =0 and (Do (45 ))(Opg1) =0
i=1,2,3,4, 0<|o|<k.
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(k—1) _
It follows that 9{¢(X)77/’(Y)}’9k—1_ 0. Hence,

(k—1) v i yiy yk—1
(X, Y]y ) = (XY} =Y/ X})D; )]QH.

This means that [j27%X, j2TFY ] € Ay, . O

4.1. Horizontal subspaces. Let 0, € J*r, ), = Tht1,k(Ok41), and
P = Tg4+1(0k+1). A 2-dimensional subspace H C Ajg, L, is called horisontal
if the natural projection

pr20| s H— Ty, pri2o iy X — X,
is an isomorphism. Let H be a horizontal subspace of Ay, , then
.Ang = H@ggk.

Every two horizontal subspaces H, H C Ag,,, define the linear map

Fug:To—= 00, fug: X = (prr2olm) " (X) = (prr2olz) (X))

On the other hand, let H C Ap,,, be a horizontal subspace and let f :
T, — gg, be a linear map. Then there exists a unique horizontal subspace

H C Ag,,, such that f = f,; 5. This subspace is spanned by the k + 2-jets

(prszolim) 1 (X) - F(X), X €T,
Every horizontal subspace H C Ay, ., generates the 2-form wpy on T,
with values in Ag,

wi (Xp, Yp) = [ (k20| ) " (Xp)s (20| ) ()], VXp, Y, €Ty (30)
From Proposition 4.2 we obviously get the following
Proposition 4.4. Let f be a point transformation of the base of m and let
Or+1 be a point of the domain of the lifted transformation fEEY  Then

(1) If H is a horizontal subspace of Ag, ., then ji+® f(H) is a horizontal
subspace of .Af(k+1)(9k+1).

(@) G5 wn(Xp Yo)) = wissn gy (F(X0) £ (1)) VXY, €T,

5. DIFFERENTIAL INVARIANTS ON J27

5.1. Horizontal subspaces of Agy,. Let 0y € J?7, 6 = m,1(62) and p =
m(#2). Consider the space Ayg,. It is a subspace of the space W,/ Lg’. From
the system of equations describing the space Ajp,, see Proposition 4.1, we
obtain the natural filtration of Ay, and the corresponding graduate space
GAyg,:

Ag, O g0, D93, D {0}, GdAg, =T, LY/LL & ¢* @ {0},
where g2 is described by (19).

Proposition 5.1. There are horizontal subspaces H C Ay, satisfying the
condition

por([72X, 3V ]) =0 VjiiX,j3v eH. (31)
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Proof. First step. Let us prove that there are horizontal subspaces H C Ay,
satisfying the condition

p20([3p X, 3pY 1) =0 V5pX,5Y € H (32)
Let H be an arbitrary horizontal subspace of Ap,. Then the formula
tH(X[hY]-J) = pZ,O(WH(X;DaY;?)) ) VX;hY:D € Tp7

defines the tensor ty € T, ® (/\2T;). Let f : T, — gg, be a linear map and
let H be a unique horizontal subspace of Ag, such that f, 5 = f. Then for
the corresponding tensor ¢, we have

tH(vayp) = PQ,O(U}?X - f(Xp) ’ j;’Y - f(Yp) ])
=t (Xp, Yp) = p2o([7p X, F()] =[5, [(Xp)])
= 75H(X1m Yp) - al,l(f/)(va Y}?) )

where f/ = pg10f € Lg/L}, ® T, and the operator 0y : Lg/Lzl, ® T, —
T, ® N°Ty is defined by (15)

O (f)(Xp, Yp) = [ Xp, ['(Yp)] = [V, f1(Xp)], VXp,Yp €T,

It remains to prove that the linear map f can be chosen such that ¢t = 0. To
this end consider the spaces Ly/L} and L},/L2. They satisfy (12). Therefore
we have complex (14) constructed for these spaces

0 g
0— LL/L2 =% LY/ L @ Ty —5 T, ® A*T; — 0.

It is easy to check that this complex is exact. It follows that the linear map
f can be chosen such that ¢t 5 = 0. From g(}l = LS/L}, and L})/Lf, # {0}, we
get that there are many horizontal subspaces of Ay, satisfying (32).

In the standard coordinates, an arbitrary horizontal subspace H C Ay,
has the form H = { e X = (X R X7 R X finierXT) } Obvi-
ously, H satisfies (32) iff

hip=hp; Vi, g,r.

Second step. Let H be an arbitrary horizontal subspace of Ay, satisfying
(32), let f: T, — 931 be a linear map, and let H be a unique horizontal
subspace of Ay, satisfying the condition f, 57 = f. Then obviously,

p3i(H) =psi(H). (33)
On the other hand, if H is an arbitrary horizontal subspace of Ay, satisfying
(33), then f, 5 € ggl ® T;. It is clear now that there are many horizontal
subspaces H C Ay, satisfying (33). All these subspaces satisfy (32). Let us
prove that there exists a unique subspace H satisfying (31) among horizontal

subspaces satisfying (33). Taking into account (32) and (18), we define the
tensor ty € LY/LL ® (A*T;) by the formula

tH(in Y%?) = P21 (WH(va Yp)) .
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Let H be a horizontal subspace satisfying (33). Then

t (Xp, Yp) = tu(Xp, Yp) = 2 ([5pX s f(Yp)] = [55Y 5 F(Xp)])
=ty (Xp, Yp) — 021 (f)(Xp, Yp)
where f' = p320 fHﬁ €i’® T, and the operator da 1 : 7’ ® Ty — Lg/L}) ®
A*T is defined by (15)

62,1(f/)(XPa Y;)) = [Xp7 f,<YP)] - [Y;’v f/(Xp)] ) VXPa Y;? € TP :
Now, from the exactness of the following complex (14)
0! 19)
0=(gHW =% g? @ Ty == LY/LL @ A*T — 0,
we obtain that there exists a unique horizontal subspace H C Ay, satisfying
(33) and (31).
Thus we proved that there are many horizontal subspaces of Ay, satisfying

(31). O

The following obvious statement is important to construct differential
invariants.

Proposition 5.2. Suppose f is a point transformation of the base of m,
05 is a point of the domain of @), and H is a horizontal subspace of A,
satisfying (31). Then the horizontal subspace jgf(H) of A ¢2) (9,) satisfies
(31) too.

5.2. The obstruction to linearization. Let H be an arbitrary horizontal
subspace of Ay, satisfying (31), let wy be its 2—form defined by (30), and
let p = m9(A2) Then, obviously,

wr € g> ® (N*T}).

Theorem 5.3. The 2-form wy is independent of the choice of a horizontal
subspace H C Ap, satisfying (31).

Proof. See section 9.2 of Appendix. O

Put
Wo, = WH ,
where H is an arbitrary horizontal subspace of Ay, satisfying (31). From
theorem 5.3 we get that wp, is well defined. Thus for every point 6, € J?T,
we define in the natural way the 2-form wy, on 7;, with values in g%. This
means that the following statement holds.

Theorem 5.4. The field of tensors on J*x
w? ) — wy, .
is a differential invariant of the action of I' on the bundle .

2 as a horizontal differential 2—form on J27 with values

We can consider w
in ¢2:
w2(X7 Y) = We, ((WQ)*(X>7 (WQ)*(Y)) )

where X and Y are tangent vectors to J?7 at the point 6s.
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In the standard coordinates, w?

9.3 of Appendix,

is expressed in following way, see section

0 0
2 1 1 1 1 2
w :(F (2ax1®(dm @d:v)+ax2®(dm ® dz?))

0 0
2 2 2 1 2
+ (255 ® (da? © da?) + 55 @ (da! @ da )))
® (dz' A dz?), (34)
where F'! and F? are defined by (26).
Let € be equation (1) and let Sg¢ be the corresponding section of 7. By

w% we denote the restriction of w? to the image of the section jsSe. From
Proposition 3.3, we get the following statement.

Theorem 5.5. The equation & can be reduced to the linear form by a point
transformation iff w% = 0.

Thus the differential invariant w? is a unique obstruction to linearization
of equations (1) by point transformations.

5.3. Derived invariants. Applying operations of tensor algebra to the ten-
sor wg, on 1), we can obtain in the natural way new tensors on 7},. Indeed,
applying the operation of contraction

T,® (T} 0 1)) @ (A2T)) — T; @ (NT3),  (hye) = (E0re)
to the tensor (2/5)wp,, we get the tensor
ag, = (F1(0y)dz! + F%(62)dz?) @ (dzt A da?).

Thus the tensor field
a? 0y — o,

on J27 is a differential invariant of the action of ' on 7.

Taking into account that dim 7}, = 2, we obtain that the contraction
Lo (T, NT) — Ty, () = (th)
is an isomorphism. Therefore the contraction

T, ® (N*Ty) @ (N*Ty) — Ty @ (N*Ty), (¢

T181,7282

) = (s rase) -

msy,r282
is isomorphism also. It is easy to check that the pseudovector of weight 2

0 0

_ (2 1 1 242

is the inverse image of the tensor (1/2)ap, under this isomorphism. This
means that 3y, is defined in the natural way. Thus the field of pseudovectors

on J2r
B2 0y — Bo,
is a differential invariant of the action of I on 7.

6. DIFFERENTIAL INVARIANTS IN J37

In this section, we construct differential invariants on (732) 7" (Orb3).
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6.1. Spaces Ayg,. Let 03 € (m32) 71 (OrbY), 02 = m32(63) and p = ma(fa).
Consider the space Ag,. It is a subspace of the space W,/ Lg. From the
system of equations describing the space Ay, , see Proposition 4.1, we obtain
the natural filtration of Ap, and the corresponding graduate space GAg,:

Agy D 8o, D g3, D {0} D {0}, GAy, =T, g5, ®g*@ {0} @ {0}, (36)

where géz is described by (25) and g¢? is described by (19). In addition, we
obtain the following statement

Proposition 6.1. In the standard coordinates, components X* and X; of
elements of Ag, are connected by the equations

2FL . X1+ F? . X2+ F' . X3 = —DF' . X! — DyF! . X2
F2. X+ FY X 42F% . X2 = —D1F?. X! — DyF? . X2,
where F' and F? are defined by (26)

(37)

Proposition 6.2. There are horizontal subspaces H C Ay, satisfying the
condition
p3a([4p X, Y ]) =0 Vj,X,j,Y €H. (38)

Proof. First step. Show that there exist horizontal subspaces H C Ay,
satisfying the condition

p3o([4p X, 5Y]) =0 Vi X,jY € H (39)

To this end consider two arbitrary horizontal subspaces H and H of A,
They generate the linear map fH,H € g9, ®T,;. Then pyq0 foI € géQ ®T,.
Now the existence of horizontal subspaces satisfying condition (39) follows
from (27) and the exact sequence

o) 0
0— (g5,)V 2% gb 0 TF 25 T, 0 2T — 0.
Second step. Let I be an arbitrary horizontal subspace of Ay, satistying
(39), let f : T, — ggz be a linear map, and let H be a unique horizontal

subspace of A, satisfying the condition f,; 7 = f. Then obviously,

par(H ) =psa(H). (40)
On the other hand, if H is an arbitrary horizontal subspace of Ap, satisfying
(40), then fH, i€ 932 ®T,. It is clear now that there are many horizontal
subspaces H C Ay, satisfying (40). From (36), we get that pso o fug €
*® 7. Finally, from the exact sequence

0 o)
0= (92)(1) 3,0 gQ ®T1;k 2,1 (Lg/L;) ® /\QTI;k N 0’

we obtain that th§re exists a unique horisontal subspace satisfying (38)
among subspaces H satisfying (40). O

Let H be a horizontal subspace of Ay, satisfying (38) and let j;LX , j;LY €
H. Then [j;lX, j;lY] € ggl. Obviously, p372([j;1X, j;fY]) is element of ¢ and
it is equal to wQ(Xéi),Yb(f)). It follows from (23) that this element of g2
defines [j;fX , j;‘;Y] uniquely. Thus we get the following
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Remark 6.3. The bracket between vectors of a horizontal subspace of Ay,
satisfying (38) does not lead to a new differential invariant differing of w?.

6.2. Invariant form w?. Taking into account the previous remark, we will
investigate the bracket between vectors of a horizontal subspace H C Ap,
and elements of the algebra gg, to construct new differential invariants.

To minimize the arbitrariness in our constructions, we will consider a
horizontal subspace H satisfying (38) and the element [jf,X , j;lY] € ggl -
9o, , Where j;X, j;‘;Y € H.

Let jiU,j2Z € H, then w = [j2Z,[j1X,jiY]] € gq, and [j2U,w] €
W,/ L,. There exists a unique vector jﬁZ € H such that Z, = p1o([72U, w)).
Then [ng, w] — j;Z is element of Lg/L}). Thus the formula

ta(Xp, Yp, Zp, Up) = [sz, w] _j;Z VUp, Zp, Xp, Yp € Tp
defines the tensor
th € (T, @T,) T, T, @ (T, NT).
This tensor depends on the choice of a horizontal subspace H satisfying (38).

We transform this tensor to obtain a new tensor independent of this choice.
To this end consider ¢y in detail.

Lemma 6.4.
tn €T, ® (T, 0T, ©T;)® (T, NT;)
Proof. See section 9.4 of Appendix O

Recall that the ideal g = gg, N (L,/L2) of the isotropy algebra gg, is
defined by (19). It can be considered as a subspace of T;, ® (T,; ©T};). There
exists a natural projection

M:Tp®(Tp®Tp)_>gz7 ,LLZ( ;k)H(§(5;XIZT+6II<;X;T))a
where 5; is the Kronecker symbol. This projection generates the natural
projection

[T, (T, 0T Ty @ (Ty ATy) — > @ Ty @ (T AN Ty).
Taking into account that

T,2(T, 0T, 0T,)) (T, NT,;) CT,® (T, ©T,) T, @ (T, NT,),
we can consider the tensor fi(ty) € ¢° ® Ty ® (T; ATy) as a 1-form with
values in g% ® (T; ANT;). Then the contraction

(T, @ (T A1) 3 (6% @ (T AT) & Ty ) € g2 @ (T; AT,
(ti151r232) . (p§k7T383,l) = (trlslrzsgp;"k,rgsg,m)’
defines the new tensor
wi = Bo, J fi(ty) € g° ® (T AT,
where 3y, € T, ® (I;y AT})? and is defined by (35).

Theorem 6.5. The tensor w% is independent of the choice of a horizontal

subspace H C Ay, satisfying (38).
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Proof. See section 9.5 of Appendix O

By wg, we denote the tensor SWZIJ’{. From the proof of Theorem 6.5, we have
that wp, is described by the following formula in the standard coordinates :

woy = (UH(03) - e1 + U?(03) - e2) ® (da' A da?)?,
where e; and ey are generators of g2 defined by (22),
Ul (0s) = 3(wi)Ta/(N) = —(F')*u? + 2F' F2u! — 3(F?)%u’
— F'F, +4F'F2 - 3F, F*,
U?(05) = 3(wi)1a/(A?) = =3(F1)?u® 4+ 2F' F?u? — (F?)*u!
+3F'F} — 4F, F* + F*F2,
and 03 = (27, ', ..., uélejg).
by the point 03 € (m32)~*(Orby) C J3m in the natural way. Therefore, the
map

It is clear that the tensor wp, is defined

w? 1 03— wy, VO3 € (m32) 1 (OrbY) (41)
is a differential invariant.
6.3. Derived invariants. Applying the contraction
T, ® (T; 0 Ty) @ (Ty ANTy)? — Ty @ (T AT)?,
(ks simasarsss) = (inkrysirasorsss)

to wg,, we obtain in the natural way the new tensor at the point 63 €
(3,2) ' (Orb)

g, = (Ulda! + 02de?) @ (da' A da?)3. (42)
Therefore the field of tensors on (m32) ' (Orb9)
ad O3 — Qg

is a differential invariant of the action of I on .
The contraction of B, and ap,, where 0 = 73 2(63), gives in the natural
way the next tensor

1
Vo, = 5 (Bo, A 0g,) = FP(de' N da?)®, (43)

where F3 is defined by (28). Therefore the tensor field on (73 2) ™! (Orb9)
Vb3 — vp,

is a differential invariant of the action of I' on . First this invariant was
obtained by R. Liouville in [19].

The contraction T, ® (T; AT,;) — T is an isomorphism. Therefore the
contraction

T, @ (Ty NTy) @ (T ANT3)? — Ty @ (T AT)?
is an isomorphism too. The tensor

0 0
By = (Vo — w2

5 61’1) ® (da' A dz?)?
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is the inverse image of the tensor ap, € Ty ® (T AT7)3. Therefore the
tensor field on (m32)~(OrbJ)

B3 03— Ba,

is a differential invariant of the action of I" on .
For every point 03 € Orbg, the tensors vy,, By,, and [y,, where p =
m3,2(03), generate in the natural way the vectors 5193 and 5203:

— 1 28 18 _ 1 28 16
5103_W( 91 ) fm-m( 91 Y g (44

Therefore the fields
& 03— &, , & 03— &, , V03e€0rby
are differential invariants of the action of I" on .

Proposition 6.6. For every point 03 € Orbg, the vectors &, , &2,, of Tp
are linearly independent.

Proof. It is easy to calculate that —F?W! 4+ F1W2 = —3F3 £ ( for every
03 € Orbg O

Now we can define the vector fields & and & on (7.03)~ (Orb3) by the
formulas

1 1
& = W(Fle —F'Dy), &= W(\lﬂpl —U'Dy),  (45)
where D; is the operator of total derivative w.r.t. v j = 1,2, see (5).
It is clear that these vector fields are invariant w.r.t. every lifted point
transformation f(°). This means that & and & are differential invariants
of the action of I' on .
It follows from the last proposition that the vector fields &1 and &2 are
linear independent in every point f, € (oo 3) ! (Orb}).

7. SCALAR DIFFERENTIAL INVARIANTS

7.1. Algebra of scalar differential invariants. Recall that a function
defined in J*7 and invariant w.r.t. all lifted point transformations f*) is a
scalar differential invariant of order k.

In this section, we construct scalar differential invariants in the bundles
(mr,3)"H(Orbd) C J*r, k> 3.

By Aj we denote algebra of all scalar differential invariants of order k in
(mr.3)"H(OrbY), k > 3. Tt is clear that if I € Ay, then (mgy1x)«(I) € Agy1.
We will identify these invariants. Thus we have the filtration

AyCAIC...CA.C...

Clearly, that every function of k-order scalar differential invariants is a
k-order scalar differential invariant. Let { I', ..., I’'* } be a maximal collec-
tion of k-order functionally independent scalar differential invariants. Then
this collection generates Ayg, that is every invariant I € Ay is some function
of I, ..., TNk,
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Let 0 be a generic point of J*7 and let p = m(f). Then obviously the
following formula holds.

dim J*7 = dim(W,/LE"?) — dim gg, + Ny - (46)

In section 3.2, we obtained the following results for a generic point 6:
dimgy, = 6 if £ = 0,1, dimgg, = 4 if £ = 2, and dimgg, = 0 if £ > 3.
Using formula (46), we get now the following table

k| dimJ*n | dim(W,/LEY?) | dim g, Ny
0 8 14 6 0
1 16 22 6 0
2 28 32 4 0
3 44 44 0 0
4 64 58 0 6
5 88 74 0 14
k| 2k2+6k+8| k2+7k+14 0 |k-—k—6

From this table, we get

Proposition 7.1. (1) The algebra A, 0 < k < 3, is trivial, that is it
consists of constants.
(2) The algebra Ay, k > 4, is generated by k* — k — 6 functionally inde-
pendent scalar differential invariants of order k. In particular, Ay
is generated by 6 independent invariants and As is generated by 14
independent invariants.

7.2. Generators. Let 64 be a point of (774,3)_1(Orbg) C Jim, 03 = 74 3(04)
and p = m4(04). Consider the space Ap,. From Proposition 3.5, we have that
go, = {0}. On the other hand, from system defining Ay, see Proposition 4.1,
we have that Ay, contains horizontal subspaces. Thus, Ay, is a horizontal
subspace. By wg, we denote the 2-form wy, on T, with values in Ay,
defined by formula (30). Then p4 0 o wy, is a 2-form on 7}, with values in
Tf.TDecomposing the vector py o w94(£193, &2, ) over the base {5193, &2, }
ol Ly

P4,0 O Wy, ( 51937 §293 ) == Il(94)€193 + 12 (94)€293 )

we obtain the numbers I'(f;) and I?(f,) in the natural way. Thus the
functions

IV 0, I (0y), I?: 04— I%(6y)
are scalar differential invariants on (4 3)~'(Orb3) C Jir.

Next scalar invariants can be obtained in the following way. Let jf)Z
be the vector of the horizontal subspace ps4(Ag,) of Ap, such that Z, =
p470(WQ4(§193, 6203)). Then (.UQ4(€103, 5293) — ]gZ € 96,- It follows that
P41 (we4 (5193, 5203) — jf;Z) € T, ® T;. By A we denote this element of
T, ® T;. We have that A(&y,,) and A(&y,,) are vectors of Tj,. The decom-
positions of these vectors over the base {&1,,, &2,, }

Alry,) = P(02)61,, + 11000, Allzy,) = I(Ba)éry, + 1°(00)2,,
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give the numbers I7(0;), j = 3,4,5,6. Clearly that these numbers are
constructed in the natural way. Thus the functions

0y P (0y), j=3,4,5,6,

are new scalar differential invariants on (74,3)~*(Orb3) C J*7r. The following
theorem can be proved by direct calculations with the help of computer
algebra.

Theorem 7.2. The collection { I, I%, ..., I®} is a mazimal collection of
functionally independent invariants of the algebra Ay.

It is clear that if I is a k-order scalar differential invariant, then its Lie
derivative £;(I) along the invariant vector field §;, j = 1,2, is a k + 1-order
scalar differential invariant. The following theorem can be proved also by
direct calculations with the help of computer algebra.

Theorem 7.3. The algebra As is generated by the invariants I*, £j(Ik),
i =12k = 1,2,...,6. In particular, the collection of 1/ invariants:
Ik 6(I%), k = 1,2,...,6, &(I°), and &(I%) is a mazimal collection of
functionally independent invariants of the algebra As.

8. THE EQUIVALENCE PROBLEM

8.1. Suppose €; and & are equations of form (1), a} and ab, i = 0,1,2,3,
are the coefficients of these equations respectively. Consider equations (2)
describing transformation of coefficients of equations (1) under point trans-
formations. From these equations, we obtain the system of 2—order PDEs
for a point transformation f

Fm(fi,f;a ]Z:k):aﬂnf<I>m(ag(f1,f2),...,ag(fl,fQ), f]’f, ]ka):(),
ffE=1ifs#0  m=0,1,23.

We denote this system by Y(€1,E2). The equations €1 and € are locally
equivalent iff Y(&1, €2) has a solution.

Let 7 : R2 x R2 — R2 be a product bundle, 74, : J*7 — R? the bundle
of k—jets of sections of 7, and 7y, , : Jkir — JR21 k1 > ko, the natural
projection sending a kj—jet to its ka—jet. We considered the system Y (&1, )
as a submanifold of J?7 and we consider a solution f of Y(€1, €2) as a section
f of 7 such that the image of the section jof of 7o belongs to Y(€1, E2).

Consider an arbitrary k-order PDE system Y C J*r. Let y € Y and
Y = 7 k—1(y). The tangent space to YN T,;,i_l(y’) at the point y is called
the symbol of Y at the point y and is denoted by Smbl, Y. It is easy to prove
that for every point y € Y(€1, €2), the symbol Smbl, Y(E1, €2) coincides with
the vector space g2 describing by (19).

The r-th prolongation, r = 1,2, ..., of Y(€1, €2) is defined as the subman-
ifold Y(E1, &2)") C J*71 describing by the system of equations

DyF™ =0, m=0,1,2,3, 0<|o| <,
AR i 0,
where D, = D(j17j27"'7j|0\) =Djo---0 Dj\a\ and Dj is the operator of total

derivative w.r.t. 7 in the bundle J®7. Let jg”f € Y(&1,&)"). Then
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f) (JpSe,) = j;(p)SgQ. Taking into account that the r—jet f() (JpSe,) is
defined by the 2+ r—jet 521" f, we will say that 2 4 r—jet j2*" f transforms
the r—jet j,Se, to the r—jet j;(p)S(gQ.

It is easy to prove that for every point y € Y(€1,&2)"), the symbol
Smbl, Y (&1, €)M is equal to {0} if r > 1.

The following theorem holds, see [16].

Theorem 8.1. Let Y C J¥7 be a PDE system. Assume that

(1) Smbl,Y ={0} for everyy €Y,
(2) Tk+1,k‘y(1)1 Yy S Y s surjective.

Then for everyy € Y there is a solution f of Y such that j;f =y, p="1k(y).

8.2. Let € be an equation of form (1) and Sg¢ be the section of 7 identified
with this equation. We can consider the restrictions of a scalar differential
invariant I of order k to the image of the section 5S¢ as a function of z! and
22 in the domain of Sg. This function is called a scalar differential invariant
of order k of the equation € and is denoted by I¢. By A’é we denote the
algebra of all scalar differential invariants of order k of the equation €.

Let p be a point of the domain of Se. We say that p is reqular if there
exists a neighborhood U, of p such that the image of the restriction j3Se|y,
belongs to Orbg. We will say that the neighborhood U, is reqular too. We
will solve the equivalence problem in neighborhoods of regular points.

Let p be a regular point of €. Then it is possible three cases:

(1) In some neighborhood of p, invariants Ig, n = 1,2,...,6, are con-
stants.
(2) Among the invariants [ (};, oo T g, there is a nontrivial invariant gen-

erating A% in some neighborhood of p.
(3) Among the invariants I¢, (§;(I"))e, n = 1,2,...,6, j = 1,2, there
are two functionally independent invariants in some neighborhood
of p.
In the first case, the equivalence problem is solved by

Theorem 8.2. Suppose €1 and &y are equations of form (1), p1 and ps
are their reqular points, and the invariants Iféfl and I’§2, k=1,2,...,6, are
constants in some neighborhoods of p1 and po respectively. Then there exists
a point transformation of neighborhoods of the points p1 and po transforming
&1 to €9 and taking p1 to po iff

IE (p1) = 1§, (p2) Vk.

Proof. The necessity is obvious. Prove the sufficiency. Consider regular
neighborhoods U), of p1 and U, of ps so that I ]gl lu,, and I lgg‘Um are con-
stants, k = 1,2,...,6. Restrict &; to Uy, and &3 to Up,. By Y we denote
the PDE y(&l\Upl , 82|Up2)‘

Consider the equation Y. We have that Smbl, Y = {0} for every
point y € Y©.

Check that the projection 765 : (%(3))(1) =YW — YO is a surjection.
Suppose jg’f € YO). Then jgf takes nggl to jjz(p)s&. Taking into account
that the isotropy algebra go, = {0} for every point f3 € OrbJ, we get
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that there exists a unique 5-jet of point transformations taking Jp Sgl to
j?(p)SSQ. It follows from the condition I£1|Up1 Igz\Up2 V k that the jets
jf)Sgl and jﬁ(p)SEQ belong to the same orbit of J*r. Hence there exists a 6-
jet jgf’ e Y@ transforming j;ngl to j}l,(p)SSQ. Obviously, 7675(jgf ) = ]pf
Thus the projection (3(3))(1) — Y®) is a surjection.

The 3-jets jgl Se, and j;’Q Se, belong to the orbit Orbg. Hence there exists
a (unique) jet jgl f of point transformations taking j31 Se, to jg’2552. Now

it follows from Theorem 8.1 that there exists a solution f’ of the equation
Y such that jo f' = j} f. O

In the second case, the equivalence problem is solved by

Theorem 8.3. Suppose €1 and €y are equations of form (1), p1 and p2
are their regular points. Suppose Jg, € {Iél,...,lgl 1, ngl’p # 0, and

Je, generates A‘Zl in some neighborhood of p1. Then there exists a point

transformation of neighborhoods of p1 and py transforming €, to Eo and

taking p1 to po iff the following conditions hold:

(1) ngQ‘ # 0, Je, generates AE , and Jg, (p) = Je, (p2).
(2) If 1’“1 = F*(Jg,) and (gj(lk)) = Ff(Jg,

p1, then I’§2 = F*(Jg,) and (5]( ))

hood of p2, k=1,2,...,6, 7 =1,2.

in some neighborhood of

)
& F (Je,) in some neighbor-

Proof. The necessity is obvious. Prove the sufficiency. It is clear that there
exists a neighborhood V' of the point Jg, (p1) = Je,(p2) in R such that Jg,
generates A‘rél in Up, =J S_ll(V) and conditions (1) and (2) are satisfied for
€y in Up, = Jg (V). Let Y = Y(€1ly,, , E2lv,,). Then Smbl, Y = {0} for
every point y € Y*

Check that the projection 774 : (H(4))(1) y®) 5 Yy g g surjec—
tion. Let jgf € Y. This means that jpf transforms jpSgl to jf( )552
Taking into account that the 150tr0py algebra gp, = {0} for every point
0y € (m43)"1(OrbY), we get that Jp 6f is a unique 6-jet transforming ]pSgl
to j;(p)SgT The jets jpSgl and jf(p)SgQ belongs to the same orbit. Hence
Je, (jpSe,) = Je, (j;%(p)SgQ). From condition (2) of the theorem, we get that
Ie, (G Se,) = Ie, (j?(p)SgQ) for every I € As. This means that the 5-jets
nggl and j?(p)SgQ belong to the same orbit. Hence there exists a 7-jet
p)SgZ. Obviously 77,6(j;f’) = jpf
Thus the projection (9(4))(1) — Y@ is a surjection.

It follows from conditions of the theorem that the 4-jets j;ll Se, and j;;2 Se,
belong to the same orbit. Hence there exists a (unique) jet j1§1 f transform-
ing j;‘;l Se, to jnggz Now it follows from Theorem 8.1 that there exists a
solution f’ of the equation Y such that ]pf' = jpf O

j;fl c ld(5) transforming jSS& to j?’(

In the last case, the equivalence problem is solved by the following theo-
rem, which is proved in the same way as the previous one.



24 V.A. YUMAGUZHIN

Theorem 8.4. Suppose &1 and €y are equations of form (1), p1 and py
are their reqular points. Suppose invariants Jél, ng of the collection of

the invariants {Ikl, (fj(lk))gl Yh=1.2,...6,j=1,2 are functionally independent
in some neighborhood of p1. Then there exists a point transformation of
neighborhoods of p1 and py transforming €1 to Eo and taking p1 to po iff the
following conditions hold:
(1) The invariants JéQ, Jé are functionally independent in some neigh-
borhood of pa, Jg (p1) = Jg,(p2), and Jg (p1) = JZ,(p2).
(2) If I§, = F*(Jg,, J2,) and (§(I%)) o, = Ff(Jg,, J3,) in some neigh-
borhood of p1, then I]§2 = Fk(JéQ, J(%Q) and (£j(1k))82 = Ff(JéQ, J(%Q)
i some neighborhood of pa, k=1,2,...,6, j =1,2.

9. APPENDIX

9.1. The proof of Proposition 2.1. Suppose X and Y are vector fields
on the base of 7, f; and g, are their flows respectively. Then

X0,y ) = im (YO - (1), (v 0 14 )

t—0 t
=ty (el ot~ GG g 07800 ) =t (ot
e oY = im | (0 0 g0 1)
=t el (e s o r ) = pim (] o
- % 4o © 95° fft)(k) = ;igg)%(Y (Yo L)) =[x, Y |®.

The R — linearity of the map X — X®*) is obvious. This completes the
proof.

9.2. The proof of Theorem 5.3. Let 0; be the point of J'm such that
its standard coordinates are zeros and let f2 be an arbitrary point of the
fiber (mg,1)~1(01). Taking into account that J'7 is an orbit of the action of
I', we obtain that it is enough to prove this theorem for the point 6s.
From propositions 3.1, we get that the algebra gg, is defined by the system
X7, =0, Xi; —2X{, =0, 2X1y — X35 = 0, X35 =0,
XP1 =0, X3 —2X{15=0, 2X{;p—X{p =0, X{p =0,
2 1 2 1 2

Xta =0,  Xiig—2Xipp =0, 2X|p»— X3 =0, Xy =0,

Whence,
={jX=(0, X!, X! ;,,0)}
901 .70 ’ VE J1J2° )

where the components XJZ: are arbitrary and the components X]i-1 ja

to (19). From propositions 4.1, we get that the space Ay, is defined by the

satisfy
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System
2 1 2 1 2 1
Xi1=0, X3 —2X{,=0, 2Xj— X35 =0, Xy =0,
2 1 i 1 2 92y 1 2 3 i
X =u X, =X + 22X = u; XY —2X7 + Xipy = up X5,

1 4y
Xigg = —uy; X",
2 1 yi 1 2 2 i 1 2 _ 3y
Xi1g = upp X', —Xj190+2X{9 = upnp X', —2X799 + X559 = ujp X",
1 4y

Whence,
3 . . . ,

‘A92 = {JDX = (XZ’ XJZ" XJZ'le’ X;1j2j3) }’
where the components X are arbitrary and the components X;l s satisfy to
(19). It follows that there exists a horizontal subspace H C Ay, such that

H={jiX =(X", 0,0, hj 5, X") }.

Obviously, this subspace satisfies condition (31). Hence

W (Xp, Yp) = ((Bjyjars = Mo ) XTY*)

J1jam,s J1j2s,r
where X, = (X!, X?) and Y, = (Y1, Y?). An arbitrary horizontal subspace
H C Ay, has the form

i '3 . . . .
H={jX=(X" b, X" hi, X" hi . X")},
where the components h;-l X" satisfy to (19). Let H satisfies (31). Then
wir(Xp, Yp) = ((hjle’T z’s ~ j1jas iﬁﬂ“ + g 2j278 —hjis }fj27T
T hj2v7” §€J'l»s o hj273 %J‘LT + h;'leT,S - h;’ués,r )XTYS) :
Consequently,
(wﬁ[ — WH )(Xp7 Y;2)
= (hj1j277' 278 o hj1j275 }f,r + hjlﬂ“ 2]‘278 o hth 2]'277“
ko i ki
+ th,T' Zjl,s — hjg,s 7i9j177‘ )XTYS .

Prove that w; —wpy = 0. Condition (31) for H means that
hi}r = hi’s Vi,r,s and
h%1,2 - hb,l = h%zh%,z - h%,lh%,Q )
h%2,2 - h%Q,l = h%,thl + h%,zh%g - h%,2hi2 - h%,zh%,z )
h%1,2 - h%zl = hi2h%,1 + h%,zh%g - h%,lh%ﬂ - h%,lh%,Q )
h%zg - h%Q,l = h%,2h%,1 - h%,2h%,2 .

Taking into account that the components hj ; X" satisfy (19), we can

rewrite the last system in the following way
Qh%z,z - hb,l = h%,zhiz - h%,lh%,Q )
hb,z = h%,2hi1 + h§,2hi2 - hiQh%Q - hizh%,z ;
_h%2,1 = h%,2h%,1 + h%,thz - hhhiz - h%@h%,z )

2 1 _ 71 12 1 12
hiso — 2hi91 = haohi 1 — hiohis-
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From this system, the components hé.l jok BTE expressed in the terms of the
components h; ;; in the following way:
h%Q 2 = h%,Qh%,Q - h%@hé,g )
h12 9 = h%zhh + hg,Qh%,Q - h%ghiz - h%,zhép )
h12 1= h%,2h%,1 - h%,Zh%,Q + hi,lh%z + h%@h%,z ;
h12,1 = h%zh%,z - h%,lh%ﬁ :

(47)

The values of the 2-form wy — wy belong to g% and g2 is defined by (19).
Therefore to prove that wgz — wpy is zero, it is enough to check that the
components (wg — wi)ig 1o and (wg — wi)ig 1o of wy — wy are zeros. It
can be easily checked by direct calculations applying (47), the equalities
hi,, = h% _, and taking into account that the components h: . X" satisfy

7,89

(19). This concludes the proof.

Jijg2,r

9.3. The expression of w? in the standard coordinates. Let 65 be an
arbitrary point of J?7, 6; = m,1(62), and p = ma(62). Then it follows from
951 = Lg / L}J and Lll) / L127 C Lg / Lll) ® T}y that there are horizontal subspaces
of H C Ay, so that

H= { ng = (X0, hguz T h;1J2J3 +X") } : (48)
Suppose H is one of these horizontal subspaces and ij ng € H. Then
[ X -7 Y] (0 (hélrs h;ls T‘)XTYS? (hj;ljgrs hj;ljgs T’)XTYS7) °

It follows that H satisfies (31) iff
Rt . =ht Vi, j,rs.

Jr,s Jr,s
Vectors ij € H satisfy the system,
Yx(t1) =0, Di(dx)(f2) =0, D¢ )(2) =0, (49)
1=1,2,3,4

defining Ay, , see Proposition 4.1. The eight last equations of this system ex-
press the components h] Ljajs,r 111 the terms of h; o The four first equations
of this system

—u) X' —uyX?+ ki X" =0,
—up X' —uyX? — hyy X"+ 207y, X" =0,
—ut Xt —uiX? — 2hi, ,,X’" +h3y, X" =0,

—ui Xt — — hy, X" =0

connect the components A’ It is easy to see that this system has a

J1j2,r"

unique solution h]lj2 , satisfying the condition h]rs = h;rs for all ¢, 7,7, s.
This solution is described by the formulas
1
1 1 2 3 31 3
h11,1 = 2“2 U1, h112 = g(uz —2uy ), h122 = —Up, h22,2 = —Uz,
1 1 0 2 3 2
h111 =uf, h112 =ug, h122 = (2uy —uy ), hyo = —2uy +uj.

3
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Thus in Ay, , there exists a unique horizontal subspace H satisfying (48) and
(31). From above-mentioned formula for brackets of vectors of H, we get

= (hi . —hi )(aaxi ® (dz”* ® dz’?)) ® (da" A dzx).

]1]27' S ]1]28 T
Taking into account (19) and (22), we get
((hlll 2 h%lZ,l) cer+ (hgm,z - h§22,1) “e) ® (da' A da?).
From the eight last equations of system (49), we get that
h1112 h1121 = F', h2212 h2221 F?,
where F! and F? are defined by (26). Thus we obtain the following expres-

sion of w? in the standard coordinates

w? = <F1(2%®(d:}: O dx )—i—%@(dw ® dz?))
+ F?(2 ® (dz* © dz?) + ®(dxl®da;2)))

® (daz' A dz?).

0 0
x? ozt
9.4. The proof of Lemma 6.4. Let us calculate components of the tensor
tr in the standard base of T}, to check the required symmetry.

In the standard coordinates, the horizontal subspace H is defined by the

quantities h% hz'ljz,k’ e h§'1...j4 o b1 Jak =1,2

7 %
.71]2 k> hJ1J2J5, hj1j2j3j47k ) )

3k

H={jX= (X' X"(hi,,
Condition (39) means

Le=hi,; Yij.k
Let
[pX:3p Y1 = (0, 0, s Gy (50)
in the standard coordinates. Then
w= [jPZ [j ;X’j;ly]]

= Zk(g]k? g]1]2h7‘ kT hgl kgTJQ + hﬁé,kgim + 93'2]'11@ );

[ipU,w] = U™ Z5( g B — Iietm
- g]th k + h] k:grm + hm kgr] + g]mk )
and
= GjmPr g + P kGrm + P 9y + Gimi ). (51)
Taking into account that h; = h}; j for all 7, j, k, we get that the expression
W mrk = Giklrm = Gmihej = Gjmbir k. + 05 k9rm + han 1 9rj + Gimi-

is symmetric over the indexes j, k and m. This completes the proof.
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9.5. The proof of Theorem 6.5. We calculate the tensor w%[ in the stan-
dard coordinates to prove the theorem. To this end, we carry out the fol-
lowing steps:

(1) Calculate components h;k of a horizontal subspace H satisfying
property (38). ‘ ‘

(2) Calculate the components g ,;, and g ;, 5. of [ng,j;LY], where
Jp X, Y € H.

(3) Calculate the components [ of the tensors ¢t and the components

f;mk of the tensors fi(tg).

(4) Finally, calculate components of the tensor w?;.

Recall that 03 € (m32)71(Orb9). Therefore (F1(6s), F2(62)) # 0 for 6, =
7T372(93).

In this proof, we suppose that F'(f) # 0. For the case F?(f3) # 0, the
proof is the same. We omit it.

Step (1). Let H be an arbitrary horizontal subspace of Ay, satisfying
(38). Then it follows from (37) that the components h}, of H are defined
by the system of equations

§7k = 27.] Vi,j,k,
2F'hy ) + F?hi ) + F'hiy = —DyF',
2F'hi o+ F?hiy+ F'hi g = —DyF",
F?hiy + F'hyy+2F?hi g = —D1F?,
F?hi o+ F'hyy + 2F?h3 5 = —DoF*.
From this system, we get
hig=hyy = (2011 (F?)? + 3h | F'F? — FF} + 2F, F?) /(F')?,
hyy = (4h11(F?)° + 5hi  F1(F?)?
— (FY)’F? 4+ 2F'F, F? = 3F'F?F} + 4F, (F?)*) /(F')?,
h%z = h%g = (—hi1F2 - 2hi1Fl - le)/Fly
h3o = (—3h3,(F?)? — 4hy  F' F?
— F'F} +2F'F2 = 3F, F?)/(F')*.

(52)

Here the components hil and hil are arbitrary. They define the arbitrari-

ness in the choice of a horizontal subspace H satisfying property (38).
Step (2). It is clear from the construction of the invariant w? that the

components g;'.k in (50), which are symmetric over the indexes j and k, are

defined by
gy = F2(02)\, ¢ = FY(fo)\, A=X'Y? - X%y (53
9%1 = 29%% 952 = 29%% 9%2 =0, 9%1 =0.

It follows from (23) and the system of equation defining gg,, see Proposi-
tion 3.1, that the components g5 ; .. in (50), which are symmetric over the
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indexes j1, jo2, and j3, are defined by the equations

9%11 = —3F2U0)\a 9%12 = —FQUI)\a 9%22 = —F2U2)\, 9522 = —3F2U3)\,
9%11 = 3F1UO)\, 9%12 = Flul)\, 9%22 = F1U2)\7 9322 = 3F'u’\.

(54)

Step (3). Substituting (52), (53) and (54) in (51), we obtain the compo-
nents t;mk of the tensor ty:

thl = 3)\F2(h%1 - Uo)a

tiip = tigr = ty11 = AF(=2h F? — 5hy ' — Flu' — 2F,) /F",

tios = thip = tyoy = AF?(=ThT;(F?)? — 10k, F'F? — (F')*u® — F'F,

FAFE2 TEL ) /((F1)?),
they = BAF?(—4h1y(F?)’ — 5hi FH(F?)? — (F')*u® + (F')*F;
—2F'F F? + 3F'F?F? — AF, (F?)?) /((F")?),

i = 3AF (=hi; + ),

1o = tia1 = 1311 = AR F? + 5hi ! 4 Flu' +2Fy),

tloy = 1319 = thy) = A(Thi,(F?)* + 10h F'F? + (F')*u® + F'F,

—4AF'F? + TF, F?)/F*,

thon = BA(4hT,(F?)® 4+ 50 F' (F?)* + (F')*u® — (F')°F;

+2F'F F? — 3F'F?F2 + 4F, (F*)?) /((F')?).

Now we obtain the components t?.mk of the tensors fi(ty):

tlo1 = A(BhT, (F?)? 4 50 F' F? + (FY)?u® + F'F,) — F' Fu!
—AF'F} +5F, F?)/(3F"),

tloy = A(BhT(F?)? 4+ 51 F' (F?)? + 3(F")*u® — (F')?F*u? — 3(F')°F;
+5F'F F? — 5F'F?F2 +5F, (F?)?)/(3(F")?),

1y, = AN(Bh3 F? + 501, F' + Flu! + 2F} — 3F%u°) /3,

tlay = A(5h11(F?)* + 5hy  F'F? + (F')*u® + F'F, — F'F*u!
— AF'F2 + 5F, F?)/(3F"),

7%21 = %11» ﬂm = %12, %21 = 75311, 75?22 = 753127

ﬂn = QE%QD ﬂu = 25%2% 5%21 = 2&217 5322 = 27?%22»

I R e
lag1 = ta29 = t11; = t112 = 0.
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Step (4). Taking into account expression (35) of fp,, we obtain the com-
ponents (wf’q);k of the tensor w¥ = B, | fi(ty):

(Wi)ie = A3 (=3(F1)*® + 2F F2u? — (F?)%u!
+3F'F} — AF, F? + F*F2) /3,
(Wi = X (—(F')*u® + 2F F?u' — 3(F%)*u’
— F'F} +4F'F2 —3FF*)/3,

(Wi = 2T, (@Wi)3 = 2wiia, Wik = (W1 = 0.

We get that the components of w% are independent of the choice of a hori-
zontal subspace H satisfying (38). This completes the proof.
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